CHAPTER 1
INTRODUCTION AND BASIC DEFINITIONS

1.1 Introduction

In applied mathematics and physics, orthogonal polynomials have an important place.
Moreover, geometrically, orthogonal polynomials are the basis of vector spaces and so any
member of this vector space can be expanding a series of orthogonal polynomials.

Almost four decades ago, Konhauser found a pair of orthogonal polynomials which
satisfy an additional condition, which is a generalization of orthogonality condition. These
polynomials are called biorthogonal polynomials. After Konhauser’s study, several

properties of these polynomials and another biorthogonal polynomials pairs was found.

In this work, general and basic properties of biorthogonal polynomials are given and
two types of biorthogonal polynomials which are namely Konhauser polynomials and

Jacobi type biorthogonal polynomials are investigated.

In the first chapter, several basic definitions and theorems about orthogonal

polynomials theory are given.

In the second chapter, definition and main theorems of biorthogonal polynomials are

obtained.

In the third chapter, Konhauser type biorthogonal polynomials are given and several

properties of these polynomials like differential equation, recurrence relation are given.

In the fourth chapter, some bilateral generating function families are obtained for
Konhauser biorthogonal polynomials. These generating functions have important

applications.



In the fifth chapter, another type of biorthogonal polynomial pair which is suggested by

the Jacobi polynomials.

1.2 Gamma Function

The definition of a special function which is defined by using an improper integral is given
below. This function is called Gamma Function and has several applications in

Mathematics and Mathematical Physics.
Definition 1.1 (Rainville, 1965)

The improper integral
j t* e tdt (1.1)
0

converges for any x > 0. is called "Gamma Function " and is denoted by T

o)

I'(x) = t*le~tdt . (1.2)
/

Some basic properties of Gamma function and given without their proofs. (Rainville,
1965)

o)

f thetdt=n!=T(n+ 1), (1.3)

0
where n is a positive integer.
nrn)=T(n+1), (1.4)

and

[(2b) VT = 2122 T(B) T (b 4 %) , (15)

where Re ( b) > 0.
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r2n +n)\/E21—2b—n=1“(b+§n>F(b+§,n+§), (1.6)

where Re ( b) > 0 and n is a non-negative.

Ir'(d) = ()" (n(;)j)! , (1.7)
where R(a) > 0 and n is non-negative integer.
Definition 1.2 (Askey, 1999)
Let x be a real or complex number and n is a positive number or zero ,
(x), = %=x(x+l)...(x+n—1), (1.8)
(x)o = 1,
(x); = x,
x), = x*+x,

is known "Pochammer Symbol".

These are some properties of Pochammer symbol.

1.

(c+n) = (21)11:1( ,

where c is a real or complex number and n and k are natural numbers.

2.

nt (=)
(n—K! (DK’

where n and k are natural numbers.
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(ar _ ©) (_+_) ,
22k 2/, \2 " 2/,
where ¢ is a complex number and Kk is a natural number.

4.

(2k)! B (1)
22k 1 \2/)
where Kk is a natural number .

There is a usefull lemma for Pochammer symbol. Proof of this lemma can be obtain by
directly and elementarly. (Rainville, 1965)

Lemmal.l

(@), =22 (%)n (a er 1)n , (1.9)

Proof

@m a @+D) @2t 211
-2 () () G ) (1)« Grn-1) ()
=2 (G4 () (7 1) ()
- (3), (),

1.3 Orthogonal Polynomials

In this section, definitions and main properties of orthogonal polynomials which are a

special case of the biorthogonal polynomials are given. (Askey, 1999)

Definition 1.3



If w (x) is a weight function and p,, (x) polynomials are defined over the interval [a ,b] , if

b
jw(x) Pn(X) p(x)dx=0, m=#n |, (1.10)

a

is satisfied, then the polynomials p, (x) are called orthogonal with respect to the weight

function w (x) over the interval (a,b) ,m and n are degrees of polynomials .

There is an additional condition for the orthogonal polynomials which makes them

orthonormal.
Definitionl. 4

If the polynomials p,, (x) are orthogonal with respect to the weight function w(x), over the

interval (a,b) and

b
P (OI12 = f w@pt@dx=1 , m=n , (L11)

is satisfied, then the polynomials p,, (x) are called orthonormal .
There is an equivalent condition for the orthogonality relation (1.10) which is given below.
Theorem 1.1 (Askey, 1999)

It is sufficient for the orthogonality of the polynomials on the interval [a,b] with respect to

the weight function w(x) to satisfy the condition

b
fw(x) ¢, (x)x'dx=0, i=0,1,2,....,n—1 . (1.12)

a

Here , ¢,,(x) is a polynomial of degree n.
Proof

If the polynomials ¢,,(x) and ¢,,(x) are orthogonal on the interval [ a ,b ] with respect to

w(x) then



b

fw(x) On(X) Ppr(x)dx =0, m#n . (1.13)

a

xt, can be written as linear combinations ,
i
xl = agpo(x) + a1, (x) + az o (x) + -+ a;p;(x) = z Ay P (X)) .
m=0

Substituting this in (1.12) ,

b b

fW(x) ¢ (x) x'dx = IW(X) ¢ (x) {Z A ¢m(x)} dx
a a m=0

i b
=y amf W) by (), ()dlx = 0.
m=0 a

for0<m<i, ¢,(x)and ¢,,(x) where 0< m < n. Hence,

b
fw(x) ¢,(x)x'dx=0 ,i=012,..,.n—1 .

a

Orthogonal polynomials have several important properties. In this section, general
definitions of these properties are given and then obtained special form of them for well-

known orthogonal polynomial families.
Definition 1.5 (Askey, 1999)

Any polynomial family ¢, (x), which is orthogonal on the interval [ a ,b ] with respect to

the weight function w (x) , satisfies the recurence formula

Pn+1(x) = (xAy + By) Py (x) + Cy py-1(x) =0 . (1.14)
Here Ay, By and Cy are constants which depend on N.
Definition 1.6 (Askey, 1999)

Rodrigues Formula for orthogonal polynomials are written as



n

Nw(x) dxm

Ppy(x) =A w)u™(x)] ,n= 01,2.... (1.15)

Here, ¢y (x) polynomials are orthogonal with respect to the weight function w(x) and

u™(x) is a polynomial of x.
Definition 1.7 (Askey, 1999)

If the two variable function F(x,t) has a Taylor series as in the form of

i
F(x,0) = Z a, ¢, () £, (1.16)
n=0
with respect to one of its variables , t, then the function F(x, t) is called the generating

function for the polynomials {¢,, (x)}.

1.4 Some Special Orthogonal Polynomial Families

Some well-known orthogonal polynomials family which have several applications in
applied mathematics is given at this section. These polynomial families have several

properties which are common and obtainable for any orthogonal polynomial family.

1.4.1 Laguerre Polynomials (Rainville, 1965)

Fora > —1,the Lgf‘) (x) polynomials, which are orthogonal on 0 < x < oo with respect
to the weight function w(x) = x%e~* and which are known as Laguerre polynomials are

given by,

bu() = L) = i(_m (s

k=0

n=012,.. . (1.17)

The special case a = 0 is Lgf‘) (x) = L,(x). Let we give the first three Laguerre

polynomials ,



1
LO(x)z 1; Ll(X)z 1_x, Lz(x)z 1_2x+§x2’

3 1
Ly(x)=1-3x +§x2 - gx?’.

Several properties of Laguerre polynomials similar to orthogonal polynomials can be
obtained. One of these properties is that it satisfies asecond order diferential equations.

Starting from :—x [x x* ;—XL%“) (x)], we obtain Laguerre differential equation,
xy +(@+1-x)y' +ny=0 . (1.18)
where the solutions of this differential equation are Laguerre polynomials can be obtained.

The generating function for the Laguerre polynomials

o]

Z Lgl“) (x) t" = a i D exp ((;iCtt)) . (1.19)

n=0

can be written. For obtaining the ”Lﬁf‘) (x) ” norm of Laguerre polynomials, the generating

function (1.19) is rewritten as in the form of

o]

—xy(a) m_ ,—x 1 —xt
Ze L,y (x)t"=e (1_t)exp((1_t)>, (1.20)

m=0
by multiplying both sides of (1.19) by w (x) = e ™ where m # n . If (1.19) and (1.20) are
multiplied side by side and integrate over the interval (0, «)

o0

i [fe‘ngla)(x)L%)(x)dx] ttm = a _1 t)zf exp <(1_ftt)) dx,

n,m=0 o

is obtained. If left hand side of the last equation is seperated for m= n and m # n, and take

the integral at right hand side,

i U?e‘xL%(x) dx

n,m=0

o0

t2n + Z [f e‘xL%“)(x)Lgff)(x)dx] gntm

nm=0 Ly




11—t
(1 -02"(1+1)

1
(1-t»"’

is obtained. By using the orthogonality of Laguerre polynomials, for m = n, second
integral at the left hand side is equal to zero.

If the Taylor series ,

0

(1it) - Z e

n=0

is used on the right hand side of the last equality, then

Z U e L2 (x) dx] t2n =Z t2n,
o n=0

n,m=0

is obtained. Thus, equality of the coeffcient of t2" in both sides gives the norm of Laguerre

polynomials as

o]

||L§f‘)(x)||2 = f e *[2(x)dx=1. (1.21)

o

Finally, the recurrence relation for Laguerre polynomial LSQ“) (x) isgivenas,

(n+1) L%, ()+(x —2n —1-a) L) +(n+a) L2, (x) =0  (1.22)

1.4.2 Jacobi Polynomials (Askey, 1999)

Fora> —1, B > —1, the Jacobi polynomials Pn(“'ﬁ)(x) , Which is orthogonal on the
interval —1< x < 1 with respect to the weight function w(x) = (1 — x) *(1 + x)#, are

given by the formula

AL k n—=k

k=0

PR () = — i (" - “) (n - ﬁ) G+ DR - n=12.. . (1.23)



If a = S, the polynomials Pn(“'ﬁ) (x) are called " ultraspherical polynomials",

Some special cases of Jacobi polynomials which depend on the values of o and § are given

below:
1. Foro=f =— % , the polynomials
[n/2]
P - "'(;k),z I({flx_z ;,S?k = T() (1.24)
are called “I. Type Chebyshev Polynomials”.
Some of the polynomials T, (x) , are
To(x) =1,
Ti(x) =x,
T;(x) = 2x2% — 1,
T3(x) = 4x3 — 3x,
T,(x) = 8x*—8x% +1.
2. For a = =0, the polynomials
& n\ /2n — 2k
PO (x) = 2-n ;(—1)k (k)( - )ka =P,(x), (125)

are called " Legendre Polynomials”. Here

n g if niseven,
[E]: n—1

2

if nisodd.

° |- -0+ 08 PP

is used to start, the Jacobi differential equation can be obtained as

10



1-x?)y +[f—a—(a+ B+2x]ly' +n(n+L+a+1)y=0, (1.26)
which has the solutions as Jacobi polynomials.

Generating function for the Jacobi polynomials is given as

" (@B 20+F
an e = 2+42 2+42 24127
P V1= 2tx2%2[1 — t + V1 — 2ex2¥ 2] [1 + t + V1 — 2tx2¥¢2]

Finally, the recurrence relation for Jacobi polynomials is given as

2n+1)(n+a+f — D2n+p+a)pliP(x) —[2n+ o+ B+ 1)(c® — f2n +

o B+ B)xl pP +2(n + a)(a+ BY(2n + o+ B+ 2) pEP () = 0.

1.3.3 Hermite Polynomials (Askey, 1999)

The H,,(x) Hermite polynomials, which are orthogonal on the interval —co < x < oo with

respect to the weight function w(x) = e~ given by,

[n/2]
(—DFn! _
d)n(X) = Hn(X) = k'(n—_Zk)'(ZX)n Zk; n = 0, 1,2, e (127)
k=0
Rodrigues Formula for Hermite polynomials is
Ho(x) = (~Dme™ 2 2 ey (1.28)

The generating function for the Hermite polynomials is

p2tx—t? _ Z Hn() (1.29)
n=0

n!

Norm of the Hermite polynomials is

o0

|H, N2 = fe"‘an(x) dx = 2™/mn! . (1.30)

—00

From the equation

11



= le™* ZH, @),

dx

the Hermite differential equation can be obtained as
y —2xy +2ny=0, (1.31)
which has the solutions as Hermite polynomials.
Finally, the recurrence relation for the Hermite polynomials is given as
H,,1(x) — 2xH,(x) + 2nH,_,(x) = 0. (1.32)

By using generating function, (1.29),we can obtain the recurrence relation above by

following steps.

Take the derivative of both sides in (1.29) with respect to t.

— H
(2x — 2t)e?¥t-t* = Z
n=0

o Hp (%) @),
(2x —2t) ; — Z o 1)' 1

o 2H, () L o Ha()
Z L (n—1)!t

n=0 n=1
n-n-1

n tn—l

i H
n=0
If the indices are manipulated to make all powers of t as t",

z Zan(x) i 2Hn—1(x) = Z Hn+1(x) ¢n

n! n—1)! n!
n=0 n=1 ( ) n=0

and open some terms to start the summations from 1,
c tn = tn
2o () = ) (2xHy () = 2nHy (1) — = Ho() + ) Hppa () —
n=1 ' n=1

is obtained. By the equality of the coefficients of the term % :

12



ZXHn(x) - Zan—l(x) = Hn+1(x) ,

can be written, which gives the recurrence relation (1.32).

13



CHAPTER 2
BIORTHOGONAL POLYNOMIALS

In this chapter, basic and alternative definitions of biorthogonal polynomials will be given.
First of all, some definitions and notations which are used to give the definition of
biorthogonal polynomials are given below.

Definition 2.1

Let r(x) and s(x) be real polynomials in x of degree h > 0and k > 0, respectively. Let
R,,(x) and S, (x) denote polynomials of degree m and n in r(x) and s(x),
respectively. Then R,,(x) and S,,(x) are polynomials of degree mh and nk in x . Here , the

polynomials r(x) and s(x) are called basic polynomial.
Notation 2.1

Let [R,,,(x)] denote the set of polynomials Ry(x), R,(x), R,(x),... of degree 0,1, 2
,...in r(x) . Let [S,,(x)] denoted the set of polynomials Sy(x) , S;(x), S,(x) ,...of degree
0,1,2,...in s(x).

Definition 2.2 (Konhauser, 1965)

The real-valued function p(x) of the real variable x is an admissible weight function on the

finite or infinite interval (a ,b) if all the moments

b
I; = fp(x)[r(x)]i [s(x))/dx, 1i,j=012,.. (2.1)

a
exist, with

b
lyo = fp(x) dx #0. (2.2)

a

For orthogonal polynomials , it is customary to require p(x) be non-negative on the

interval (a, b) . This requirement is necessary for the establishment of certain properties

14



for biorthogonal polynomials, this is found necessarily to require that p(x) be either

nonnegative or nonpositive, with I, , # 0, on the interval (a, b) .

By the view of the definitions and notations above, now we can give the definition of

biorthogonal polynomials .
Definition 2.3 (Konhauser, 1965)

The polynomial sets R,,(x) and S, (x) are biorthogonal over the interval (a , b) with
respect to the admissible weight function p(x) and the basic polynomials r(x) and s(x)
provided the orthogonality conditions

b

]m,n = fp(X)Rm (X)Sn(x)dx = {

a

o ,

#0 , m=n’ mn=0123.., (23)

are satisfied .

The orthogonality conditions (2.3) are analogous to the requirements (1.9) for the
orthogonality of a single set of polynomials. Following (1.9) , it was pointed out that the
requirement that the different from m = n was redundant. The requirement in (1.9) that
Jmn be different from zero is not redundant. Polynomial sets [R,,(x)] and [S, (x)] exist

such that
MEN  mn=012,.., (2.4)
m n

and ]k,k = O .
Definition 2.4
If the leading coefficient of polynomial is unity, the polynomial is called monic.

Now, let give the alternative definition for biorthogonality conditions. The following
theorem is the analogue of the Theorem(1.12) which gives an alternative definition for

orthogonality condition.

Theorem 2.1 (Konhauser, 1965)

15



If p(x) is an admissible weight function over the interval (a , b) and if the basic

polynomials r(x) and s(x) are such that forn =0, 1, 2...,

b

jp(x)[r(x)]fSn(x)dx = {;t 00: ]]==(;l12 S (2.5)
and

b .

[l Rurtr =], O T =002m =1

a
are satisfied, then

b

f PRy (x)S, (x)dx = {

a

o ,

Fn
£0 . m=n’ mn=201,2,.., (2.7)

holds. Conversely, when (2.7) holds then both (2.5) and (2.6) hold.
Proof

If (2.5) and (2.6) hold , then constants, ¢,,,;, j= 0,1,...,m, (cpmm # 0), exist such that

R () = ) ey [rCOV 28)
=0
If m < n, then
b b m
[ PR (IS, x = [ DY ey IrGIVS, (W
a a j=0

m b
= eny [ PGV S ax.

j=0
In virtue of (2.5),

b

[ @y s,@ax

a

16



vanishes except whenj=n=m.

If m > n,thenconstants d,;, j=0,1,....,n,(d,,# 0), exist such that

520 = ) dns [V,
=0

and the argument is completed as in the case m <n .

Now, assume that (2.7) holds. Then constants e,,,; and f,, ; exist such that

J
rGIY = ) emi Ri@),

i=0

and

J
[5GV = > fus S:0).
i=0

If0< j < n,then

b b j

[ PtV s.cdx = [ )Y ems RIS,
i=0

a a

J
=0

b
= Zem’i fp(x) R;(x)S,, (x)dx.

If i=1,2,...,j, j< n,each integral on the right side is zero since (2.7) holds . If j =
n, the integral on the right side is different from zero. Therefore (2.5) holds. In like manner
(2.6) can be established .

17



CHAPTER 3

BIORTHOGONAL POLYNOMIALS SUGGESTED BY THE LAGUERRE
POLYNOMIALS

In this chapter , some well-known biorthogonal polynomials which are generalized form of
the Laguerre orthogonal polynomials are going to be given.

First of all , a pair of biorthogonal polynomial family will be given, separately, and then
obtain their general properties and definitions. After that, it will be shown that these
polynomials are biorthogonal and they satisfy the biorthogonality condition .

3.1 Biorthogonal Polynomial suggested by the Laguerre Polynomials (Konhauser,
1967)

Let Y,¢(x; k) and ZS(x;k),n = 0, 1,..., be polynomials of degree n in x and x*,

respectively , where x is real, K is a positive integer and ¢ > -1 ,such that

, 0 for i=01,...,.n—1;
Co=X YC( o ki — , ydy ey ’
fx e XY (x; k) x dx_{noto , fori=n; (3.1)
0
and
; 0 , fori=01.,n-1;
C p,—X7C . 4 —
fx e 75 (x; k)x dx_{notO , fori=n; 3.2)
0

For k = 1, the conditions (3.1) and (3.2) reduce to the orthogonality requirement satisfied

by the generalized Laguerre polynomials.

If (3.1) and (3.2) hold, then

f x¢e ™Y (x; k) Z5(x; k)dx = {

0

0 , fori=01,..,n—-1;

not0 , fori=n; (3.3)

holds. And conversely, if (3.3) is satisfied then the conditions (3.1) and (3.2) are satisfied
by the polynomials Y(x; k) and Z5(x; k) .

18



For both sets of polynomials, a mixed recurrence relations can be established and the
differential equations of order k + 1 can be obtained from these mixed recurrence relations.
Pure recurrence relations connecting k + 2 successive polynomials can also be obtained.
For k = 1, the recurrence relations and the differential equations for both of polynomial
sets reduce to those for the generalized Laguerre polynomials.

Let start with the polynomials Z5 (x; k) .

3.2 The Polynomial in x*

One member of the biorthogonal polynomials pair which are suggested by the

Laguerrepolynomials is Z¢ (x; k) and these polynomials are given by the explicit formula

kj

oo _F(kn+c+1) B /m x
Zn(x,k) = T jZO(—l)] (])m , ¢ > —1 (34)

which are polynomials of x* and they are orthogonal with respect to the weight function
x¢ e™™ over the interval (0, ) . These polynomials are reduced to Laguerre polynomials
for k =1.

3.2.1 Orthogonality of the Polynomials Z¢ (x; k)

It is known that, the generalized Laguerre polynomials which may be written,

n ,
I'n+c+1) /m x/
@ — _ ,( ) _
L9 (%) — ZO( v ())iorern s <> ! (3.5)
]:
satisfy the orthogonality condition
. 0 , fori=01,..,n—-1;
C ,—XJC . l —
fx e LS (x; k) x dx_{notO ' fori=n. (3.6)
]

By using (3.6), the orthogonality of the polynomials Z5 (x; k) can be obtained.

19



In (3.2), replace Z5 (x; k) by the right side of (3.4), then carry out the permissible

interchange of summation and integration to obtain

n 0
[(kn+c+1) . 1 o
—1\J =X L Kj+c+i
n! Z)( D (])I‘(kj+c+1) fe X ax
]= (o]

_Tkn+c+1) X m\T(kj+c+i+1)
h n! ;(_1)]()

J) Tkj+c+1)

= [(kn :!C + 1)2(_1)1 (?)Dixkj+c+i et

j=0
n
Frtkn+c+1) . . /n .
_ ( )DLxCHZ(—l)]( )xk]|x=1
n! . ]
j=0
F'kn+c+1 . )
— ( oy ) Dlxc+l(1 _xk)n|x=1 ,

which is zero fori = 0, 1, ...,n —1, but it is different from zero for i = n.Therefore, the

polynomials (3.4) satisfy orthogonality condition (3.2) .

Before determining the other polynomial set of the biorthogonal pair, let obtain several

properties satisfied by the polynomials in x*.

3.2.2 Mixed Recurrence Relations

It is known that, an orthogonal polynomial family has several type of recurrence relations
that are consist different terms of polynomials in different orders. The first recurrence
relation is

xDZ5(x; k) = nkZ5(x; k) —k(kn—k +c+ 1) Z5_1(x k), (3.7)
For k = 1, (3.7) reduce to well-known recurrence relation for Laguerre polynomials.
Now, let obtain (3.7) by considering the difference
nkZ5(x; k) —k(kn—k + ¢+ 1), Z5_,1(x; k) (3.8)

20



If (3.4) is used,

n-1

llente+ 1 Z( 0/ (; )#IZH) Z( v (n;l)#iﬂ)

S [0 e

is obtained and may be written

1

xI(kn+c+1) xki- o
(n)! Z( ( )m = xDZ}(x; k)

establishing (3.7) .

Alternatively, (3.8) can be written as

kxk¥T(k[n —1]+ [c + k] + 1) n—1 xkG-1
-1 Z( D ( —1)F(k[j—1]+[c+k]+1)

kj

k x*T(k[n— 1] + [c + k] + 1) § n—1 x
- (n—1)! Z( ( J )F(kj+[c+k]+1)

= —k x*Z5t*(x; k),
which, together with the preceding result, gives the relation,
DZS(x; k) = —k x*=1 ZE K (x; k), (3.9)

connecting polynomials corresponding to c and ¢ + k. For k = 1, (3.9) also reduce to a well

known relation for the generalized Laguerre polynomials.

3.2.3 Differential Equation

Now, let obtain the differential equation which is satisfied by the polynomials Z5(x; k) .

For obtaining this differential equation, if the difference (3.7) is written as in the form of

21



kj

xkl'(kn+c+ 1) ¢ /m—1 x
(n— 1! ;(_1)](]—1)F(kj+c+1)'

which, in virtue of (3.7), equals xDZ5(x; k). Multiplying by x¢ and taking the k th order

derivative,

kM(kn+c+1) v m-1 xkG—D+e
(n—1)! ;(_1)](1—1>F(kj—k+c+1)

= —k(kn — k +c+ 1),x¢

kj

kl'(kn+c+1) = /m—1 x
(n—1)! X;(_l)]( J )r(kj+c+1)

= —k(kn—k+c+ 1), x° Zf_,(x; k) .
can be obtained. Therefore,
D*[x“**DZE(x; k)]= —k(kn — k + ¢ + 1),x°Z5_, (x; k) . (3.10)

is written. Combining (3.7) and (3.10) and eliminating Z5_, (x; k), the differential equation

of order k + 1,

DX[x*1DZE(x; k)= x*1DZ5(x; k) — nkx€ZE(x; k) (3.11)

k

for the polynomials in x*, can be obtained.

It is not difficult to verify directly that the polynomials in (3.4) satisfy (3.11). For k =
1, (3.11) reduces to the differential equation for the generalized Laguerre

polynomials.

3.2.4 Pure Recurrence Relation

Applying Leibniz's rule for the k th derivative of a product to the left side in (3.10),

we get

22



k
Z (’f) [DF=ix+[DHZE (i k)| = =k x€ (kn—k + c + 1) Z5_1(x; k). (3.12)

i=0

The left side is the sum of derivatives of Z5(x; k) from zero through the k +1 order.
Elimination of the derivatives by repeated use of (3.7) leads to pure recurrence

relations connecting k +2 successive polynomials.

For k =1, (3.12) gives pure recurrence relation for the Generalized Laguerre

polynomials.

Now, turn to the polynomials in x which satisfy orthogonality condition (3.1) .

3.3 The Polynomials in x

The polynomials, Y, (x; k), which are the polynomials of xand satisfy the
orthogonality condition (3.1) are the other pair of biorthogonal polynomials which

are suggested by the Laguerre polynomials.

In this section, some properties of this polynomial family will be obtained and then an

explicit formula for them are going to be obtained.

3.3.1 Suggested Recurrence Relation
We seek coefficients a, j such that the polynomials
n
Z @y X" (3.13)
j=0

satisfy the orthogonality condition (3.1). Takingn = 0, 1, 2, 3 and using a method of
undermined coefficients, then each to within an arbitrary multiplication constant, the

first four polynomials can be obtained as
1,
x—(c+1),
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x2—(k+2c+3)x+(c+D(k+c+1),

x3—Bk+3c+6)x*+[Rk+c+2)(k+2c+3)+(c+D(k+c+1D]x
—(c+D)k+c+1)Rk+c+1).

For k =1, the polynomials reduce to the generalized Laguerre polynomials taken to
be monic, so in a sense of these polynomials, as well as the polynomials in x*, may be

considered generalizations of the Laguerre polynomials.

The pattern of coefficients suggests the following difference equation for the

coefficients
nj = —[(k+Dn—j+ (=k+c+Dlan1j-1+an_1;, (3.14)

where a, o = 1forallnanda;; = 0ifi < j. (3.14) can be used as the basis of a

conjecture for a recurrence relation for the polynomials in x. Then, this recurrence
relation is used to show that the polynomials satisfying (3.1). By uniqueness, the
polynomials which satisfy the recurrence relation, can be sacrificed the monic

property of the polynomials by modifying the difference equation (3,14) to
knb,; =[kn+j+ (=k+c+1Dlby_1; —by_1-1, (3.15)

where byy = 1,b;; = 0if i < j,,b; _; = 0 for all i, so the polynomials in x are givenby

n
Ye(x: k) = Z by x. (3.16)
7=0

k =1, (3.15) isrecurrence relation for the coefficients of the generalized Laguerre

polynomials.
Substituting for b, ; in (3,16), we get
n n
kn¥e(x; k) = Z[kn +j+ (=k+c+ Dby, ) — Z bu_yo1 X,
j=0 j=0

Replacing n by n + 1, and noting that b,, ;41 = 0 we have
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n+1 n+1
k(n+ DYE,, (6 k) = Z[Im +j+c+1]by,, o - z byjoy %)
=0 =0
n

n
= (kn+c+ 1DY(x; k) +Zjb"'j x/ - an,j xJ*L,
=0 7=0

The first sum on the right side is xDY,¢ (x; k) and the second is xY,{ (x; k), therefore, a

suggested recurrence relation for the polynomials in x is

k(n + 1)Y< (k) =xDYE(x k) + (kn+c+ 1 —x)YE(x k) . (3.17)

3.3.2 Biorthogonality of The Polynomials Y4 (x; k)

To establish that the polynomials in x that satisfy (3.17), comprise the other set of the

biorthogonal pair, it must be shown that (3.1) is satisfied by induction.

For n =0, the integral in (3.1) has the nonzero value I'(c + 1) only permissible value

of i, namely i = 0.

For n =1, the integral in (3.1) is zero for i = 0 and nonzero fori = 1. Fori = 0,

xe ™Y (x; k) dx

0\8

= fxce‘x k~'(c+1—x)dx
(o]

=k M(c+DI(c+1)-T(c+2)] =0,
is written, where Y (x; k) = k~*(c + 1 — x) was obtained from (3,17) forn =0.

Fori=1,

f x€e ™Y (x; k)dx
(o]
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= fx”k ek 1(c+1—x)dx
o

=k (c+DI(c+k+1)-T(c+k+2)]
=-T(c+k+1)+#0,

can be written. Continuing the induction argument, let assumed that the polynomials
Yf(x;k),i =0,1,...,n,are obtained by repeated application of (3.17), satisfy
orthogonality relation (3.1). To complete the induction argument, it must be shown

that

° | 0, i=01,.,n;
fxc e Y, (x; k)xkdx = 1 (3.18)
0, i=n-—-1.

o

Substituting for Y5, , (x; k) as given by (3.17),

k'(n+ 1)1t f x T+ =X DY C(x; k)dx
(o]

+k*(n+ 1)1 f(kn +c+1—x)xFke*YE(x; k) dx .
(o]

is obtained and it can be written as

(n+1)? f xtk e=*(n — )Y (x; k)dx . (3.19)
(o]
By hypothesis, Y, (x; k) is orthogonal to x*, for 0 < i < n, Therefore, fori < n, the

integral in (3.19) is zero.For i = n +1, the integral has the value

o0

—(n+1? f xCHkAk =Xy C(x; k)dx = (-1)""'T(c+kn+ k + 1),

o

which is different from zero. The right side is obtained by n applications of (3.17),

each followed by an integration by parts.

26



3.3.3 Expression for Y¢(x; k) (Preiser, 1962)

Now, let obtain an explicit formula for the polynomials Y, (x; k). Preiser obtained a
closed form for the polynomials in x for the case k = 2 by applying Cauchy's Theorem

to the integral form solution of
x D3Y,(x;2) + (1 + ¢ — 3x) D?Y,,(x;2) + 2(x — 1 — ¢) DY, (x;,2) = 2nY,(x; 2).(3.20)

A closed form for the polynomials is desirable but is not essential, since certain
properties of the polynomials can established without one. By a method similar to
that of Preiser, polynomials solutions of (3.20) in integral form can be found.
Conjecture the form of the integral, for general case, show that the polynomials so
obtained satisfy (3.17), and then, using the integral form , establish relations which
will be used to derive a differential equation for the polynomials. Equation (3.20) may

be written
x(y" = 3y" +2y) + [(1+ ) y" —2(1+ )y’ — 2ny] = 0 (3:21)

A solution of the form

y = f e *'@(t)dt, (3.22)

c

where the function @(t) and the contour C are to be determined , is assumed .

Differentiating successively and substituting (3.21),

—xjg (t3 +3t2+2t)e ™ @(t)d + f [A+)t?+2(1+ )t —2n]e ™™ @(t)dt =0.

c c

is obtained. Integrating the first integral by parts,

0 =(t3+3t2+2t)0(t)e ™|,

- f [(Bt2 + 6t + 2)B(t) + (t3 + 3t2 + 2t)0'(t)] e *tdt

Cc
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+3§ [(140)e2 + 2(1 + Ot — 2n] e~ @(E)dt |

Cc

can be obtained. @(t) is choosen such that
[(1+c)t? +2(1 +c)t —2n—3t? — 6t — 2]0(t) — (t3 + 3t2 + 20)@' ()] = 0, (3.23)
and the contour C such that

(t3 4+ 3t2 + 2)@(t)e ™|, = 0. (3.24)
From (3.22),

o'(t) n+1+c+2n n+1
o) t t+1 t+2’

is written. Hence @(t) = K (t + 1)°*t2"/t"*1(t + 2)"*1, where K is an arbitrary

constant which we shall take equal to k/2mi .

Substituting into (3.24), we require the contour C is required to be that

k (t+ 1)c+2n+1
2mi t2(t + 2)"

|C=0'

If C is taken to be a closed contour encirclingt =0, butnot t =—1or t=-2, the

(3.24) holds and

dt .

k e—xt(t + 1)c+2n
Y=z}

T 2mi ] tI(E + 2)ntt

c

is obtained. On the basis of this integral, we conjecture that the polynomials

Y (x; k) are given by

Q)n(x) =

k —-xt t+1 c+kn
jﬁ erEr DT (3.25)

2ni J [(t+ Dk—1]n+1

c

In the view of the uniqueness, it sufficies to show that the polynomials (3.25) satisfy

recurrence relation (3.16) and we have
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K %e_ﬂ(t"' 1)c+kn+1

XD@n(X) - x@n(X) = - [(t + 1)k_1]n+1

- dt . (3.26)
21
c

Integrating by parts and applying (3,25), the right side of (3,26) becomes
—(c+kn+1)0,(x)+k(n+ 1)0,,(x).
Therefore,
xD@,(x) —x0,(x) = —(c+kn+1)0,(x) + k(n+ 1)0,,,,(x),

which is (3.17) with @, (x) in place of ¥,*(x; k) in summary,

Yi(x k) =

—xt c+kn
k %e (t+1) (327)

2mi ] [(t + 1)k—1]n+1
Cc

is obtained. Applying Cauchy's theorem to (3.27), we obtain the following

representation for the polynomials in x:

k on e—xt(t_l_ 1)c+kn

er(x; k) = Fatn (tk—l + ktk—Z + -4+ k)n+1 |t=0 )

3.4 The Integrals J,, ,,

Now for the biorthogonal polynomials Z5 (x; k) and Y€ (x; k), evaluation of the integral
o = [ € € XVE G 025 Woax.
o

which is the biorthogonality condition of polynomials as suggested by the Laguerre
polynomials will be obtained. First, show that b, , = (=1)*/k™n! ,n=0,1,2,... will be

shown by induction.
FOI’nZO, bo]o = 1.

For n =1, from (3.16) b,, = —1/k is obtained .

29



Let by_1,-1 = (D)™ 1/k™ 1(n—1)!.Taking j = nin(3.15), and pointed out that
bn—l,n = O,

bn,n = _bn—l,n—l/kn = (—1)"/k"n! ,
is obtained which complete the induction argument .

In virtue of the orthogonality of x/ and Z<(x; k) forj<n,

*® n
Joun = f x° e_nyCl(x,' k)z bn,]-xj dx
o j=0

= j x€e *Z;i(x; k) by x™dx .
o

can be written. Subsisting for b,, and proceeding as in the establishment of the
biorthogonality property of the polynomials in x*, then

_(=D"T(kn+c+1) D

Jnn = k! oy Txt (1 — xk)nlle

_Tlkn+c+1)
B n!

)

is obtained which , for k = 1, is the value of the corresponding integral for the generalized

Laguerre polynomials.
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CHAPTER 4
SOME PROPERTIES OF KONHAUSER BIORTHOGONAL POLYNOMIALS

In this Chapter, several generating functions for both of polynomials Z5 (x; k) and Y (x; k)
are going to obtain. These generating functions are bilateral generating functions.
(Srivastava 1973 & Srivastava 1980)

4.1 Bilateral Generating Functions for Z5(x; k) Konhauser Polynomials

First, several bilateral generating functions for Z¢ (x; k) Konhauser Polynomials will be
obtained and proved.

Theorem 4.1

The polynomials ZZ(x; k) can be expressed as a finite sum of ZZ(y; k) in the form

z;;f(x;k)=(§)kni(“:‘”)(’f_)’ (/0 — 125, k) . (4)

The following results will be required in further analysis ,

wr~n_ Tla+kn+1) - m xki
20 = =, ]Z(f‘”’ ey -2
And
oo tn
ZZ (50 Gy
=e'F[—; (@ +V/k,...,(@+ 1)/k;—(x/k)kt], (4.3)

Since k is a positive integer .
Proof

In the generating function (4.3) , ift = (y/x)*z,
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d (y/x)*nzn
D 28— = en{(/x)F) oFl—Gey/k)), (44)
is obtained which, on interchanging x and y, gives

(e/k)rzr ‘ 2y
ZZ“( 0 = exp{(/ 0¥z} ol =Cey/k)kz), (45)
( + 1)kn

where, for convenience,

oFklél = Fel— (@ + D/k, ..., (a + k) /k; &].

From (4.4) and (4.5) , it follows once that

Z ga(x; ky QL (y/k)nz"

( + 1)kn
had (x/k)knzn
= explz[(y /) — (x/k)"]}z 78(y; k)L 2 (4.6)
e~ (a + 1)kn
and on equating coefficients of Z™ in (4.6), the summation formula shall be led to our
summation formula (4.1) .
4.2 Bilateral Generating function for Y4 (x; k) Kanhouser Polynomials
Theorem 4.2
PRACTIAO
n=0
= (1 —t)"@/k exp{1 — (1 — £)~"V/¥}
CGlx(1 =) VR yt/(1-1)], (4.7)
where
Glx.t] = Z A, YE (e K)En, (4.8)
n=0
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The A,, #0 are arbitrary constants and {,, (y) is a polynomial of degree n is y given by

am=> (D). (4.9)
r=0

The following result will be required in further analysis,

- m+n
Z ( n )Yr‘,’{m(x; )
n=0

=(1 — t)~ @m0k explx[1 — (1 —)"V¥]} v¢(x(1 - t)"V5 k),  (4.10)
where m > 0 is any integer.
Proof

Substituting for the coefficients ¢, (y) from (4.9) on the left —hand side of (4.7) , it is found
that

n

i Ve G ) G ()T = i ve e (M) ayr
n=0 n=0

=0

- Za 0% Z (" ' ¥ e

n
=0

= (1 — )@/ exp{x[1 — (1 — £)"V*]}

' Z A Y1 =75 k) (pt/A-0),  (411)

By applying (4.10) and formula (4.7) would follow if interpret this last expression by

means of (4.8).

Theorem 4.3
D Fhem () Gy D"
n=0

= (1 —t) ™ @D/ kexp(x[1 — (1 — £)~V¥])
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Flx(1 =075y, 2t9/(1 - £)9], (4.11)

where
Flx;y;t] = Z A Yo qn (6 K)o, ()L™, (4.12)
n=0
and
[n/q] 4
m--n
G =y (7 e (4.13)
n-—qr
n=0
Proof
The following known result is required.
- m+n
Y (" s o
n
n=0
= (1 —t) ™ @D/kexp(x[1 — (1 — )" V*]) v&(x(1 — t)~Vk; k). (4.14)
where m is an arbitrary nonnegative integer, and (by definition) a > —1andk=1,2,3

..., If we substituting for the coefficients ¢,, (y; z) from (4.13) into the left —hand side

(4.11) , we find that

> Fion (10 G s "
n=0

n/q

C m+n
= Z) Yirm(x; k) t™ Z (n B qr) Ao (y)z"
n=

r=0

(o]

= M+n
= z A0 (y)z" ta" Z ( " ) Y (k) tT,
r=0

n=0

where for convenience, M=m +qr, r=0,1,2,... .

34



The inner series can now be summed by applying generating relation (4.14) with m
replaced by M, and the bilateral generating function (4.11) would follow if it is interpreted
by the resulting expression by means of (4.12).

Theorem 4.4

PRI ACD (4.15)

n=0

= (1 + )@ D/kexp(x[1 — (1 + )V¥])
CGlx(1 + O)Y*y; 2t /(1 + £)9),
where
Glx;y; t] = Z An Yrgiszn(x; k)o,(y)t",
n=0

Proof

Can be proven similarly by appealing to

— m+n
Z( n )Y#{:ii”(x:k)t%(1+t)-1+(“+1>/’< (4.16)

n=0

cexp(x [1— (1 + O)VF]) & (x(1 + )Yk k),

in place of

S m4n
Z ( n >Y7%+n(x; k)" = (1 —t) m-(@tD/k (4.17)

n=0

cexp(x[1— (1 =) "V*]) v&(x(1 — )~k k).
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CHAPTER 5

BIORTHOGONAL POLYNOMIALS SUGGESTED BY THE JACOBI
POLYNOMIALS

In this chapter, another pair of biorthogonal polynomials that are suggested by the classical
Jacobi polynomials will be introduced(Madhekar & Thakare, 1967). Let o> -1, 8 > —1
and J,(a, B,k ;x)and K,,(a, B,k ;x),n=0,1,2,... be respectively the polynomials of
degree nin x* and x is real, k is positive integer such that these two polynomial sets

satisfy biorthogonality conditions with respect to the weight function (1 — x) “(1 + x)5,

namely
1
f(l — ) (14 x)fJ, (o, B, k 5 x)x"dx
-1
o , i=01,..,n—1;
={¢0 , i=n; G-1)
and
1
f(l —x)*(1+ x)BK, (o, B, k ; x)x*dx
-1
O , i=01,..,n—-1;
_{th , i=n. .2
It follows from (5.1) and (5.2) that
1
f(l —x) (1 +x)B ], (o, B, k ;%) K,y (o, B, K ; x)dx
-1
0 , mn=01,...m#n;
- {i o s (5.3)

And conversely, for k =1 both these sets are reduced to Jacobi polynomial sets .

There is a classical result which connects the classical Jacobi polynomials Pn(“’ﬁ ) (%) with

the Laguerre polynomials LSL“) (x) in following manner.
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[e0]

1—x
F(1+ o+ B + n)PP (x) = f pactBen o=t (@ (T t) dt. (5.4)
0

This result has made it possible to introduce, the first set from the pair of biorthogonal
polynomials J,(a, B, k; x) and K, (a, B, k; x) that are suggested by the Jacobi
polynomials.

Let define the first set J,,(a, 8,k ; x) by

[oe)

Frl+a+pB+n),(a,B,k;x) = f tatB+n gt Z,(la) (
0

1—x
T;k)dt, (5.5)

fora+p > -1, n=012,...
Using (3.5) on obtains by routine calculations

kj

. _ (1+O()kn C Y n (1+,6'+0(+n)k]- 1—x
]n((x,,g,k,x) - n! JZO( 1)] (]> (1+a)k] ( 2 ) . (56)

In fact /,, (o, B, k ; x) has the following hypergeometric form

: : —n,A(k, 1+ a+ B);
1+ a), 1—x
]n(O(,,B,k}X) = Tn k+1Fk ( 2

Alk, 1+ a);

el (5.7)

where A(m, §) stands for the sequence of m parameters

6 6+1 b+m+1
— )y ,le
m m

The polynomials {/,, (a, B8, k ; x)} were first introduced Chai and Carlitz published the proof
of their biortjogonality to x¢ (i.e., of type (5.1) with respect to x *(1 + x)# on (0, 1). Chai
proposal was on (0, 1) instead of our (-1, 1) . This also reminds one of the transition of the
classical Jacobi polynomials first denoted by F, («, 8, k; x) and orthogonal with respect to

the weight function x (1 + x)# on (0 ,1) to that of Szego’s standardized Jacobi
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polynomials P,f“’ﬁ ) (x) which are orthogonal with respect to the weight function (1 —

x) “(1 + x)Pover the interval (=1, 1) .

The second set K, (a, 8,k ; x) is retroduced in the form of the following explicit

representation

Ko (0 B, K ) = Z i(—nm ()= Tﬁ;’ f [)j,) (- 1)n () 68

r=0s=0

For k =1, both K, (o, B,k ; x) and J,, (o, B,k ; x) get reduced to the Jacobi polynomials

PP (x) .

It is easy to observe that

2x
im J, (a,ﬁ,k; 1 ——) = Z5(x:k)

[

17 g (5.9)
| lim K (aﬁk--1—2—x)=w(x-k) '
kﬁ—)OO n yPr B, ﬁ n ]

For k =1, each of (5.9) gives well known connection between the Jacobi polynomials and

Laguerre polynomials.

5.1 Biorthogonality

Employing the explicit formulas ( 5.6) and (5.8) we will show that the pair
polynomialsk,, (cx,,B, k;;1— %x) and J,, ((x, B, k;1— %x) satisfies the biorthogonality

condition(5.3) in fact ,we have
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- f(l—x)a<1+x>ﬁ/n<a,ﬁ,k;x> Ko (o, B,k x)dx

_Il+a+kn)I(1+4+m) (1)) FM+a+pB+n+kj)
o 2mumIT(1+a+ S +n) Z () 2KIT(1 + a + kj)

% ZZ(_l)S (Z) <S+Z+1)mr! I‘(1+,81+m—r)

r=0s=0

% j(l _ X) oc+kj+r(1 + x)ﬁ+m—r dx
-1

— 21+O(+[3

I(1+ o+ kn))T(1+ 8 +m) "( S(M T +a+ B +n+k))
n!m T+ a+p +n) Z_ (])F(2+O(+,B+m+kj)

Xi(a+k1+r>z( )S r (s+a+1)m.

Recall the following result of Carlitz:

(s+oc+1> i( x+r—1>z(_1)s(z) (S+2+1)n-

=0 s=0

Using this,

I _ 21+a+ﬁF(1+(x+kn)F(1+,B+m)
m n!m!T(1+a+ B +n)

c ( Inst
X}.ZOH) ( ) o (11++,6’ﬁ++a;(m+:+1

Frl+a+kn)T(1+ B +m) (T
nTl+oa+p+n) =1 ( )

( s
Z( () m>(11++ﬁﬁ++at)xm+;+1

Frl+a+kn)TA+B+m) n
nT(1+ a4+ +n) (m)

— 21+0(+B

— 21+0(+B

' /M —m (1 +p+ 0()n+km+kj
—1)J
% jZo =D ( ] ) 1+ p+ 0()m+km+kj+1
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— 21+a+[3

FM+a+kn)F(1+ B +m) (n)

nT(l+a+p+n) m

J

FTM+a+kn)TA+B+m) n
nTl+a+pf+n) ( )

% Dn—m—lxa+ﬁ+n+km (1 _ xk)n—mlx=1

n-m
/M —m ,
% z (_1)] ( )Dn—m—lxot+ﬁ+n+km+k] |x=1
j=0

— 21+0(+ﬁ

m

which is 0 for n # m and nonzero for n = m. In particular,

L o gltatp T+ a+kn)TA+ B +n)
nno nTr(l+a+B+n)FTA+p+a+n+kn)
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Conclusions

In this thesis , definitions and basic properties of konahser polynomials Y;¢ (x; k) and
ZS(x; k, inx and x*respectively, are investigated , such as biorthogonality , recurrence

relations and differential equations .

Moreover, some generalizations of biorthogonal polynomials was obtained, and based
on these generalizations many new ideas can be applied .

Finally , biorthogonal polynomials suggested by the Jacobi polynomials , are given and
the biorthogonality are proven.
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